A geometrical interpretation of the consistent and covariant chiral anomaly is done in the space-time respective Hamiltonian framework.
Introduction
A mathematical rigorous definition of the consistent anomaly in the spacetime formalism is in terms of a connection on a line bundle over A, the space of gauge potentials. Similarly, the consistent Schwinger term is defined by a curvature on a line bundle over a dense subset of A. Despite this, no geometrical description has been given for the covariant counterparts. In this paper we will obtain a geometrical interpretation of the covariant anomaly and Schwinger term in a similar way to what has been done in the consistent framework. For completeness, we will also review the consistent case. The result is that the consistent and covariant anomaly are given by connections on line bundles. The consistent Schwinger term is given by the curvature of a line bundle while for the covariant Schwinger term this is only true up to a (canonical) form defined by data coming from a part of space-time which are far from the point of interest. Explicit expressions for the anomalies and Schwinger terms have been given in [1] , where the correct expression for the covariant Schwinger term was determined (there are two results in the literature, differing by a sign). The consistent and covariant descent equations will also be compared. The connecting term between consistent and covariant cochains is shown to be a local form on the space of gauge potentials.
The paper is organized in the following way: In section 2 and 3 we consider the anomaly in the space-time respective Hamiltonian framework. In section 4 we review the descent equations and compare the consistent and covariant cochains.
The chiral anomaly in Euclidean space-time
We will consider Weyl fermions coupled to an external gauge field A ∈ A in a 2n-dimensional space-time M , a smooth, flat, compact and oriented Riemannian spin manifold without boundary. The group G of gauge transformations consists of diffeomorphisms ϕ of a principal bundle π : P G → M such that the base remains unchanged. It acts on the affine space A of connections on P by pull-back: A · ϕ := ϕ * A. To make the action free (so A/G will be a smooth manifold) we will assume that G only consists of diffeomorphisms that leaves a fixed point p 0 ∈ P unchanged.
The generating functional is defined as
where W is the effective action and ∂ /
We will use conventions such that γ µ is hermitian and A µ is anti-hermitian. The consistent chiral anomaly measures the lack of gauge invariance of the generating functional:
X ∈ LieG. The reason for the minus sign is that the consistent anomaly is defined by δ X W (A) = ω(A; X). The effective action is however only defined up to terms c which are local functionals in A. This makes the generating functional defined up to exp(−c(A)) and the anomaly up to terms (δ X c)(A).
To make mathematical sense out of the effective action we will first assume that ∂ / + A is a Fredholm operator with zero index. We can then construct the canonical section deti∂ / A of the determinant line bundle DETi∂
* , see [2] . To identify it with a functional, a reference section s 0 is chosen. Then we define exp(−W (A)) as deti∂ / A /s 0 . Since all line bundles over an affine space are equivalent, it might appear meaningless to consider the quotient of two sections of a line bundle over A. However, the determinant line bundle is not just a line bundle, but it is also equipped with a certain structure. For instance, below we will review the fact that the restriction to gauge directions (vectors tangent to the fibres in A → A/G) of its connection (covariant derivative) ∇ can be determined canonically.
The variation δ X will be defined with respect to a fixed s 0 :
Notice that it in general is not possible to find a section such that ∇ X s 0 (A) = 0 for all A ∈ A. Thus, if we consider a variation at a point A ′ which is not related to A by a gauge transformation, then a different section s ′ 0 has to be chosen. Relation (1) is now equivalent with
Observe that this definition of the anomaly does not depend on the choice of s 0 .
Recall that a connection on a line bundle satisfies the Leibniz rule ∇(sλ) = (∇s)λ + sdλ for any section s and function λ. The connection can be described by a 1-form ω on A by ∇s = sω, where s is a nowhere vanishing section. We will refer to ω as the pull-back of ∇ with respect to s. Observe that ω depends on the choice of pull-back: if ω ′ is defined with respect to s ′ = sλ, then
, where X in this case is any vector field on A. From this abstract discussion it follows that if locality is disregarded, then the anomaly can be identified with minus the restriction to gauge directions of the connection on the determinant line bundle. When locality is taken into account, we obtain the following identification: The anomaly is minus the restriction to gauge directions of the pull-back of the connection with respect to sections given by deti∂ / A multiplied with the exponential of local terms.
The curvature (pulled-back to A) corresponding to ∇ has been computed in [3] (we will suppress the representation of the gauge group):
2 is the curvature corresponding to a connection on the universal bundle P × A → M × A. We thus see that the curvature (and connection) of the determinant line bundle depends on the choice of α. We will soon see how it is possible to partly determine α by physical arguments. This will lead us to an expression for the anomaly. Notice that in order to compute the anomaly from F we need to use the fact that the anomaly (the consistent and the covariant) is local. This since there certainly exist forms with δω = F which are non-local even in gauge directions.
The Dirac operator acts on sections of an associated bundle to P → M . In the family index theorem one then consider the universal bundle as bundles P → M parameterized by A. The first reasonable choice of α is then α = A. In general, the bundle P → A may twist over A. This means that α is of the form A + a, where a is a 1-form on A taking values in LieG. Such a twist occurs for example when demanding gauge invariance, i.e. that A + a should descend to a connection on
. This is equivalent with that the determinant line bundle can be pushed forward to a line bundle on A/G (where it is equipped with a curvature). This does not determine a uniquely, but it implies that it is equal to the Faddeev-Popov ghost v in gauge directions (one example is the non-local form a = (d *
. This gives the consistent anomaly.
To compute the anomaly, recall that
and F t the curvature corresponding to (1 − t)α ′ + tα. We will first assume that P is trivial so that α ′ = 0 is a possible choice. With ω the pull-back of ∇, F = δω, we get
where χ is an arbitrary functional. Let us now restrict to gauge directions. Recall that the exterior differential δ then is equal to the BRST operator. The first term on the right hand side is now local. By restricting to local χ's, the right hand side becomes minus the consistent anomaly. The Russian formula is the fact that F = dA + A 2 (in gauge directions). It implies that F = δω is zero in gauge directions. This is the Wess-Zumino consistency condition. It implies that it is possible to regard the consistent anomaly as an element in a cohomology group.
We will now get rid of two unwanted assumptions, namely that ind∂ / + A = 0 and that P is trivial. For this reason we consider the 'difference' between two Dirac operators: i∂ /
. This is a Dirac operator with zero index (since A ′ is a connection on the same bundle P ) and we can thus study the section deti(∂ / 
Since the consistent anomaly is defined with respect to variations of A, it is obtained by only considering form parts with respect to the first factor of A×A. With F = δω we then get:
where χ is local when restricted to gauge directions. The second determinant bundle has thus only been used as a reference. The gauge field A ′ is unaffected by the variations we are interested in. The anomaly above is referred to as the consistent anomaly in the background connection A ′ , [5] . Expressions obtained from two different background connections differ by a BRST operator acting on a local term and represents therefore the same anomaly. Notice that since we let everything be fixed in the second factor, we do not need to demand gauge invariance of α ′ . We may thus set a ′ = 0. The corresponding canonical section and line bundle are then no longer symmetric in A and A ′ and we will for this reason denote them by deti(∂ / 
, it is equipped with a different structure. For instance, it is easy to see that its connection evaluated on the canonical section deti∂ /
In the first case one obtains a form which consist of two separate pieces on the first respective second factor of A × A. However, in the second case we saw in the expression for the consistent anomaly that the background connection also plays a role in the first factor. This is an example of the multiplicative anomaly [6] (the determinant of a product is not necessary equal to the product of the determinants for the factors) in the family case, i.e. It is now clear that also in the covariant formalism can the anomaly be defined by eq. (2) and the discussion that followed this equation, however, the connection and canonical section are defined with respect to DETi(∂ /
The fact that the curvature is non-zero in gauge directions means that the Wess-Zumino consistency condition is not fulfilled. It also implies that the covariant anomaly can not be obtained from a variation of a functional. For instance, since the curvature is non-zero also in gauge directions it is impossible to find a reference section satisfying ∇ X s 0 = 0 at a point A ∈ A.
3 The chiral anomaly in the Hamiltonian formalism
We will here let M be (2n − 1)-dimensional and interpreted as the physical space at a fixed time. G and A will be the corresponding group of gauge transformations respective space of potentials. The chiral anomaly manifest itself as the Schwinger term in the Hamiltonian formalism. We will take the starting point that the consistent Schwinger term is minus the curvature of the vacuum bundle restricted to gauge directions. To compute it we must therefore understand the vacuum first.
The Hamiltonian H A decomposes the 1-particle Hilbert space into two pieces, depending on if the eigenvalues are bigger or less than some number λ:
The vacuum bundle Ω λ (A) is given by the filled up Dirac sea to a certain level λ. It is thus the complex span of the wedge product of the eigenvectors in H − (A, λ). Naively, this is a line bundle over U λ = {A ∈ A|λ ∈ | spec(H A )}. However, the vacuum bundle is not well-defined since it involves an infinite wedge product. Instead, we will consider the 'quotient' of two vacua. For this, consider a decomposition of the 1-particle space with respect to different A and λ:
* , where det is the top wedge product. This ill-defined expression becomes simpler if we quote out a common infinite part from the first and the second factor. The quotient of the two vacuum bundles can then be defined as (detH
However, this is still not well-defined since the intersections are infinite dimensional spaces. Fortunately there exists renormalization methods to handle this problem. In 1 space dimension it is particular simple since the identity operator on H becomes a Hilbert-Schmidt operator when restricted to the domain H − (A, λ) (H + (A, λ) ) and the range
Although the above definition of the quotient of two vacua is the most common used, we will use an alternative definition from [7] . Instead of using the identity operator on H to compare H − (A, λ) and H − (A ′ , λ ′ ), the Dirac operator will be used. For this, let A(t), t ∈ I = [0, 1] be a path in A from A ′ to A. It is often useful to consider t as the time. By letting the wave functions ψ depend on the extra parameter t, we see that the Dirac equation i∂ / + A(t) ψ = 0, i∂ / + A(t) = i∂ t − H A(t) , can be used to identify the two differently composed Hilbert spaces. Then DET λλ ′ (A(t)) :
* if the boundary conditions ψ| t=0 ∈ H + (A ′ , λ ′ ) and ψ| t=1 ∈ H − (A, λ) are used. This gives a line bundle over U λ × U λ ′ ⊂ A × A in a similar way as for the anomaly in the space-time formalism. Its curvature is
where F is the curvature corresponding to a connection α on the universal bundle
The fact that M × I is a manifold with boundary gives rise to additional contributions, the 2-form parts of theη-forms, [8, 9] . Let us now compute the consistent Schwinger term from the above results. We thus want to compute F when gauge variations of A = A(t = 1) is made. For this reason, we chose the simplest possible path, namely A(t) = (1 − t)A ′ + tA (actually, in order to use theorems about determinant line bundles, t should be replaced with a function f (t) which is 0 in a neighbourhood of t = 0 and 1 in a neighbourhood of t = 1, [10] ). Let us now regard A ′ as a background connection. Then DET λλ ′ (A(t)) is a line bundle over U λ ⊂ A. Clearly, the choice α = (1 − t)A ′ + t(A + a) should be made, where a is equal to the ghost in gauge directions. It implies that
To compute the consistent Schwinger term, we now restrict eq. (6) to gauge directions. By construction, theη-forms vanishes then, [7] . Thus, the consistent Schwinger term in a background connection A ′ is given by minus the restriction of eq. (7) to gauge directions.
We have shown that the vacuum bundle can be defined as a determinant bundle. As in the space-time formalism it is not the bundles themselves that are interesting on the level of anomalies, but the fact that the determinant line bundle is equipped with a natural connection in gauge directions. In fact, regarding Schwinger terms, the connection is only defined up to local 1-forms χ on A. This makes the Schwinger term defined up to terms δχ. The consistent Schwinger term is thus the curvature corresponding to the canonical connection, up to local forms, on the vacuum bundle. The relation δF = 0, due to the Bianchi identity, gives the consistency condition for the Schwinger term. This can be seen directly from the fact that
holds in gauge directions. As for the consistent anomaly, it implies that the consistent Schwinger term can be regarded as an element in a cohomology group. If t is interpreted as time, then the consistent Schwinger term has been computed by comparing the vacuum bundle at the time of interest (t = 1) with a reference vacuum bundle at another time (t = 0). The reference vacuum is given by the Hamiltonian H A ′ . Certainly, it is possible to use the field A itself as a background, i.e. as for the anomaly we now put A ′ = A. In this case eq. (7) gives the covariant Schwinger term. Thus, the figure in the previous section illustrates as well the case of Schwinger terms (except for the fact that the line bundle over (a subset of) A × A is different).
That both the consistent and covariant anomaly are given by connections suggests that both the consistent and covariant Schwinger term are given by curvatures. For the covariant Schwinger term this is however not true in general. This is easy to understand since all curvatures of line bundles are closed by the Bianchi identity. Thus, if the covariant Schwinger term could have been obtained from a curvature, then it would also have to satisfy the consistency condition. This is however not true. The reason why the covariant Schwinger term in general is not obtained from a curvature is that the third term on the right hand side of eq. (6) is not necessary zero in gauge directions for
This term is determined by the boundary conditions at the manifold M × {t = 0}. Since we are interested in the other part M × {t = 1} of the boundary when computing the Schwinger term, it is reasonable to not take into account the contribution fromη λ ′ . We thus only pay attention to how the connection of the universal bundle at M × {t = 1} is extended to the bulk and not to terms coming from data on the other part of the boundary. Let us give an alternative description, intended for readers unfamiliar with theη-forms. Extend M to a manifold which have M as its boundary and looks like a cylinder close to M , i.e. the extension is M × I ∪M , where ∂M = M × {t = 0}. Then extend the gauge connections and gauge transformations in a smooth way to the bulk. The curvature of the corresponding bundle is F +F , where F is given by eq. (6) andF is defined with respect toM . If we consider the gauge connection A(t = 0) as a fixed background field A ′ which doesn't depend on A = A(t = 1), thenF is zero and the consistent anomaly is obtained. If [2] .
As in the consistent case,η λ gives zero in gauge directions. The contribution from the second term comes from a manifold which is far from the manifold M × {t = 1} of interest. For this reason, it can be disregarded. The same is true for the second term on the left hand side.
Schwinger term Background
The literature about covariant Schwinger terms can be divided into two parts depending on if they define it by an algebraic argument [11, 12] or by a physical argument, see for instance [13, 14, 15] . The first discipline have a lack of physical understanding while the mathematical structure is unclear in the second. In this paper, on the other hand, a mathematical rigorous construction of an underlying geometrical and physical idea has been made. It is therefore not sound to use earlier results as a judge if the non-localη-form will give a contribution or not. Indeed, all the previous computations of the covariant Schwinger term seems already from the beginning to neglect the possibility of contributions from terms as the non-localη-form. From this point of view it seems more natural to define the covariant Schwinger term as the curvature above. We then obtain a non-local covariant Schwinger term which differs from earlier results by 1 2 (η λ ′ ) [2] . However, since everything comes down to the definition we will for the rest of the paper disregard theη-form so that our result agrees with the previous ones.
Notice that the discussion above also makes sense for the anomaly in the space-time formalism: With the mathematical methods of section 2 we obtain a contribution from anη-form when the space-time has a boundary.
Descent equations and connecting terms
Let ω 
where it has been used that F = dA+A 2 in gauge directions. From the previous sections it follows that the (non-integrated) anomaly and Schwinger term in a background A ′ is −c n ω
We thus see that the descent equations can be used for their computation. Further, it gives a relation between them. By integrating over M it is also seen that the consistency condition is fulfilled. When A ′ = 0 we obtain the 'ordinary' descent equations.
It is not so well-known that there exist descent equations for the covariant anomaly and Schwinger term as well. The first relation in (3) with α = A + v and α ′ = A gives the covariant descent equations [12] :
where str is the symmetrized trace. This gives a computational scheme for the covariant anomaly and Schwinger term. However, as for the consistent case, the direct formula, eq. (3), is to prefer. Let us give the explicit expressions in the descent equations for the simplest case n = 1:
The triangle formula [5] implies that ω 
The difference between the consistent and covariant cochains is thus given by ω k 2n+1−k (A, A ′ ). When k ≥ n + 1 this term is zero and the consistent and covariant cochains are equal. Certainly, this is in agreement with the fact that the consistent and covariant descent equations are equal in this case. Thus, half of the cochains are always equal. It explains the fact that the consistent Schwinger term is covariant when n = 1, while this is not true for n ≥ 2.
The connecting term ω That the covariant cochains are not in any cohomology group has sometimes been regarded as a 'drawback' of the covariant formalism. This is not really true. In fact, the covariant cochains can be regarded as elements in a cohomology group due to their bijective correspondence with such elements, namely the consistent cochains. In general, since they are in a one-to-one relation, the consistent and covariant terms are always on equal footing. Another example where this can be used is in the fact that the consistent anomaly and Schwinger term can be pushed forward to A/G. These geometrical objects on line bundles over (subsets of) A becomes topological on A/G. That this is not possible for the corresponding covariant terms follows from the fact that DETi(∂ / We would also like to point out that the chiral anomaly and the Schwinger term (and the other cochains) can appear in different forms than just the consistent and covariant. In general, the connection A ′ can be separated into a piece f (A) which is independent of A and a piece h(A) which depends on A. The extreme case h(A) = A ′ , f (A) = 0 gives the consistent cochains while h(A) = 0, f (A) = A gives the covariant cochains.
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